In this talk we present our recent studies for the unpolarized fragmentation functions for the pion and kaon, employing the nonlocal chiral quark model, which manifests the nonlocal interaction between the quarks and pseudoscalar mesons, in the light-cone frame. It turns out that the nonlocal interaction produces considerable differences in comparison to typical local-interaction models.
I. INTRODUCTION
Recently, there has been an increasing interest for the nonperturbative quantities of quantum chromodynamics (QCD), observed in hard scattering processes, together with the experimental and theoretical progresses. Among those physical quantities, fragmentation and parton-distribution functions reveal important information on the internal structures of the hadrons. Especially, the fragmentation function plays an crucial role in describing semi-inclusive hadron productions in electron annihilation and deeply inelastic scattering (DIS) processes.
In Ref. [1] , various fragmentation functions are intensively investigated using the Q 2 evolution equation, such as the Dokshitzer-Gribov-Lipatov-Altarelli-Parisi (DGLAP) equation, resulting in empirical parametrizations for those fragmentation functions. More practical approaches have been done for the fragmentation functions, taking into account the effective chiral models for QCD, i.e. liner (pseudoscalar, PS) and nonlinear (pseudovector, PV) σ models (or quark-pseudoscalar (PS) meson coupling model) [2, 3] , and Nambu-Jona-Lasinio (NJL) model [4] . It is worth noting that, in Refs. [2, 3] , it was not uniquely determined which coupling schemes, i.e. PS and PV ones, are more reliable to describe the fragmentation function. Comparing with the NJL model calculations [4] , the PS scheme results looks similar to that from the NJL model. In Ref. [4] , the authors performed the DGLAP evolution using the numerical code QCDNUM for the DGALP evolution [5, 6] , in addition to the contributions from the resonances and jets.
In the present work, we employ the nonlocal chiral quark model (NLChQM) defined in Minkowski space. A unique feature of this model, which is not observed in other models, is that quarks and PS mesons are interacting each other nonlocally: This interesting nonlocal interaction can be regarded as the consequence of the quark and nontrivial QCD vacuum interactions in terms of the the semiclassical nontrivial solution for the Yang-Mills equation, i.e. instanton [7] [8] [9] [10] [11] . From the numerical calculations, we observe that the present model provides quite distinctive results in comparison to those from other models. Especially, the bump shown in the fragmentation function curve appears at z ≈ 0.5, whereas the PS-scheme and NJL results produce it at larger z values ∼ 0.7. This tendency observed in the present framework, saying, the bump appears in the lower z regions, may give more comparable results with the empirical data at higher Q 2 after the DGLAP evolution, in comparison to other models. The present report is structured as follows: In Sections II and III, we briefly introduce the unpolarized fragmentation function and the NLChQM which is based on the instanton vacuum configuration in principle. The numerical results are given in Section IV with related discussions. Final Section is devoted to summary, conclusion, and future plans.
II. UNPOLARIZED FRAGMENTATION FUNCTION
The unpolarized fragmentation function (d φ q,q ) for q * f → φ q f , in which q f and φ indicate the quark with the flavor f and PS meson respectively, is defined in the light-cone coordinate, assuming the light-cone gauge, as follows [2, 3, 12] :
where p and z stands for the on-shell four momentum of the meson and its momentum faction possessed by a quark fragmented, whereas k ± for the time-and space-momentum components of the quark on the light cone, respectively. k T and µ denotes the transverse momentum of the quark and renormalization scale at which the fragmentation process evolved. For the later convenience, we assign the fragmentation function in Eq. (1) as the elementary fragmentation function, since it represents an elementary fragmentation process from a single quark to a PS meson, and in order to distinguish it from the renormalized one as discussed in Ref. [4] . ∆ corresponds to the relevant correlation for the fragmentation process.
III. NONLOCAL CHIRAL QUARK MODEL (NLCHQM) IN MINKOWSKI SPACE
In order to investigate this nonperturbative quantity, defined in Eq.
(1), we will use NLChQM, which is motivated from the instanton-liquid model [7] [8] [9] [10] [11] . We note that, to date, various nonperturbative QCD properties have been well studied in terms of the instanton vacuum configuration, being comparable to experiments as well as lattice QCD simulations [13] [14] [15] [16] . In the instanton model, nonperturbative QCD effects are deciphered by the nontrivial quarkinstanton interactions in the dilute instanton ensemble, interpreting the spontaneous breakdown of chiral symmetry (SBCS). Considering these interesting features, below, we write the effective chiral action (EChA) of NLChQM in Minkowski space as follows:
where Sp andm f denote the functional trace Tr d 4 x x| · · · |x over all the relevant spin spaces and SU(3) currentquark mass matrix diag(m u , m d , m s ), respectively. Note that, in deriving EChA in Eq. (2), we have simply changed the Euclidean metric in the instanton-induced effective action into that for Minkowski space, assuming an appropriate analytic continuation between those spaces [17, 18] . Although this simple change of the metric is not fully understood, in practical applications, it works qualitatively very well [19, 20] .
The momentum-dependent effective quark mass, which is generated from the nontrivial interactions between the quarks and nonperturbative QCD vacuum, can be written in a simple n-pole type form factor as follows:
Here, n stands for an arbitrary but finite positive integer. We will take n = 2 with Λ = 600 MeV, as usual in the instanton-motivated models [17, 18] , throughout the present work. Note that U γ5 stands for the nonlinear PS-meson field. For more details on this notation, one refers Refs. [9, 10] . By expanding it up to O(φ) from EChA in Eq. (2), one can derive the following effective interaction Lagrangian density for the nonlocal quark-quark-PS meson vertex which is relevant for the fragmentation function in hand:
where F φ denotes the weak-decay constant for the PS meson φ. Finally, after performing the trace over the relevant spin spaces in Eq. (1) using Eq. (4), we arrive at a neat expression for the elementary fragmentation function in terms of the NLChQM as follows:
where we have used the notationM p = M p + m f = M (p 2 ) + m f , where m f indicates the current-quark mass with the flavor f . We note that, if we turn off the nonlocal interaction, i.e. taking M k = M q = constant, the expression in Eq. (5) turns into that for the local interaction models, such as Refs. [2] [3] [4] , with a proper prefactor.
IV. NUMERICAL RESULTS
In this Section, we present numerical results for the elementary fragmentation function for the pion and kaon via the NLChQM. In the left panel of Fig. 1 , we depict the curves for the favored elementary fragmentation functions as functions of z at the renormalization scale Λ ≈ µ = 0.6 GeV: u → π + (solid), u → K + (dot), ands → K + (dash). As indicated in the left panel of Fig. 1 , the kaon fragmentation functions are much smaller than that for the pion, since the pion fragmentation must be much populated at low energy scale Q 2 ≈ µ 2 = (0.6 GeV) 2 . In the right panel of Fig. 1 , we show the numerical results from Refs. [2, 3] for comparison. We note that the PS scheme result is almost the same with that from the NJL model calculation [4] . If we compare ours with the PS-scheme result, which is comparable to the NJL one, it is found that the nonlocal quark-PS meson interaction makes considerable differences, i.e. the bump moves to smaller-z regions, almost locating at the middle of the range 0 ≤ z ≤ 1.
FIG. 1: (Color online) Favored elementary fragmentation functions for
+ from the PS (solid) and PV (dot) schemes in Ref. [2] at µ = 1.0 GeV (right).
Although, in this report, we do not perform the DGLAP evolution for higher Q 2 to compare with the empirical data for the fragmentation functions [1] , taking into account that the DGLAP evolution enhances the curve far more in the vicinity of z = 0, the present numerical results with the bump in the middle are expected to give more reliable DGLAP evolution results, in comparison to those for the PS-scheme (or NJL model) results [2] [3] [4] . Moreover, as expected, we can conclude that the present nonlocal results behave like the average between the PS-and PV-scheme ones qualitatively as shown in Fig. 1 . More detailed analyses on these observations will be discussed in separate larger volumes.
V. SUMMARY AND CONCLUSION
In this report, we have studied the unpolarized-fragmentation function, employing the nonlocal chiral quark model. From the numerical results, we observed that the nonlocal quark-PS meson interaction, which is a unique feature of the present theoretical framework, plays an important and distinctive role to produce the curves for the fragmentation function, in comparison to other effective model calculations. It was also viewed that calculated curves for the fragmentation function in the present work can provide more realistic results, being comparable to the empirical data after the DGLAP evolution to higher Q 2 values. More detailed analyses, including the meson-cloud effects, parton-distribution function using the Drell-Levi-Yan (DLY) relation, and DGLAP evolutions to higher Q 2 (∼ µ 2 ), will appear soon elsewhere.
